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IWhat IS an Algorithm?

Before we start talking about algorithms for an entire semester, we should try to
figure out what an algorithm actually is. We could, for example, have a short look
at how others define an algorithm:

Several definitions found in the WWW:

Browsing the web, we can find quite number definitions of the term "algorithm".
Here's a small collection of them.

Definition 1:

An algorithm is a computable set of steps to achieve a desired result.

(found on numerous websites)

Definition 2:

An algorithm is a set of rules that specify the order and kind of arithmetic
operations that are used on specified set of data.

Definition 3:

An algorithm is a sequence of finite number of steps arranged in a specific
logical order which, when executed, will produce a correct solution for a
specific problem.

(taken from an undergraduate course at UMBC).

Definition 4:

An algorithm is a set of instructions for solving a problem. When the
instructions are followed, it must eventually stop with an answer.

(given by Prof. Carol Wolf in a course on algorithms).
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Definition 5:

An algorithm is a finite, definite, effective procedure, with some output.

(given by Donald Knuth)

Essential properties of an algorithm

Though the given definitions differ slightly, we can clearly extract the essential
properties an algorithm should have:

e an algorithm is finite (w.r.t.: set of instructions, use of resources, time of
computation)

e instructions are precise and computable.

« instructions have a specified logical order, however, we can discriminate
between

o deterministic algorithms (every step has a well-defined successor),
and

o non-deterministic algorithms (randomized algorithms, but also
parallel algorithms!)

produce a result.

Basic questions about algorithms:

For each algorithm, especially a new one, we should ask the following basic
questions:

e does it terminate?

e s it correct?

e is the result of the algorithm determined?

e how much memory will it use?

Throughout this course, we will be mainly concerned with another important
question:

How long will an algorithm have to work to achieve the desired result?
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|1.1. Example: Fibonacci Numbers

Our first example of an algorithm will be one that computes the Fibonacci series.
For repetition:

The sequence fj,j €0 of the Fibonacci numbers is defined recursively as:

o f0:=1
o f1:=1
o fj:=fj-1+fj-2 for each j=2

1.1.1 A recursive algorithm

The definition of the fibonacci numbers can be translated almost directly into a
recursive algorithm:

Fibo (n:Integer) : Integer {
if n=0 then return 1;
if n=1 then return 1;
if n>1 then return Fibo(n-1) + Fibo(n-2) ;

}

We take a little time to explain our notation:

the algorithm Fibo takes a parameter n of type Integer as its single argument,
and returns a result of type Integer. The recursive calls Fibo(n-1) and Fibo(n-2)
require the execution of our algorithm using the values n-1 and n-2, respectively,
as parameters. In our algorithm, the two results are then added and returned as
the result of the call Fibo(n).

Question:

How many arithmetic operations does it take to compute fj using the
algorithm Fibo?

That means, we neglect the costs of all operations except the arithmetic ones.
Thus, we will basically count the number of additions.
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Define:

TFibol1in = number of arithmetic operations (+,-,%,/) that Fibo will perform
with n as input parameter.

Examining the function Fibo ,we see that:

e« TFibo10=TFibo[11=0, as there are no additions performed, if the
parameter nis 0 or 1.

e TFibolIn=TFibolIn-1+TFibolIn-2, if the parameter n is larger than 1.
In that case, the number of additions is the sum of the additions performed
by the two recursive calls.

Such a recursive characterization of the number of operations is very often found
for recursive algorithms. We will soon examine techniques to solve such
recurrence equations. In the meantime, we try to stick to more basic techniques.

Operation count for Fibo:

We set up a table of the number of additions that are performed by a call to
Fibo(n):

n_Joj1)2]3)4 |56 |7 |8 |

fn_ J1)l1]2]3]5 |8 |[13]21]34]

TFibon |0 |0 |[3] 6| 12| 21| 36| 60| 99 |

Proposition:

After a (very) close look at the values given in this table, we propose that

TFibol1n=3fn-3

Proof:

We prove this proposition by induction:

e case n=0:
from the recurrence equation, we know that TFibo[10=0,
and the right hand side also evaluates to 3f0-3=3-3=0
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e case n=1:
TFibo11=0, and 3f1-3=3-3=0

e case n22 (induction step):
we assume that TFibolIm = 3fm-3 is correct for all m<n (induction
assumption), especially form=n-1, and m=n-2. Then:
TFibo1n=3+TFibolIn-1+TFibol[In-2=3+(3fn-1-3)+(3fn-2-3)=3(fn-1+fn-2)-
3=3fn-3
(g.e.d.l)

An estimate of the size of TFibo[Odn=3fn-3

We will use the following, rather "famous", inequality for the fibonacci numbers,

2|n2]=<fn<2n

to get a more precise estimate of Fibo's operation count.

We will prove the two inequalities separately, by induction. In either case, we use
that fj+1=fj for all j20 (proof left to the reader....)

Proof for fn<2n:

By induction over n:

e case n=0: then f0=1, which is equal to 20=1
e case n=1: then f1=1, which is smaller than 21=2
e case n22 (induction step):
fn=fn-1+fn-2<fn-1+fn-1=2fn-1<2-:2n-1=2n
Proof for fn22|n2]:

o case 1:n=2k=|n2]|=k
again, we prove this by induction (over k):

o for k=0, which means that n=2k=0, we have f0=1, which is equal to
20=1.

o for k21 (i.e. n22), we compute that f2k=f2k-1+f2k-222f2k-2=2f2 (k-

1).
By induction assumption f2(k-1)=2k-1, and therefore f2k=2-2k-1=2k.
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e case 2:n=2k+1=|n2|=k
we can reduce this to case 1 by fn=f2k+12f2k=2k
Result:

Using the above estimate for the fibonacci numbers, we derive the following
operation count for the algorithm Fibo:

3-:2|n2]-3<TFibo[1n<3-2n-3

Hence, the operation count of Fibo increases exponentially with the size of the
input parameter.

Example

How long would a typical computer take to compute the 100-th fibonacci
number using the algorithm Fibo?

Answer:n=100=TFibo[1n=3-250-321015, i.e. the computer has to perform more
than 1015 additions.

If we assume that our computer is able to perform one arithmetic
operation per nanosecond (compare this to the typical GHz clock rate of
current processors), the execution time would be at least 39 days!

Exercise:
How large is the respective upper bound for the computing time?

Remark:

In our estimate of Fibo's operation count, we have used a rather weak lower
bound of the size of the fibonacci numbers. A well known algebraic formulation of
the fibonacci numbers claims that fn=155+12n-5-12n.

This leads to a quite accurate estimate of Fibo's operation count:
TFibo[1100=1021.

This means, that under the conditions above (1 operation per nanosecond), the
computation of the 100-th fibonacci number will take approximately 31 500 years,
which by far exceeds our initial estimate of "at least 39 days" . . .

1.1.2. An iterative algorithm
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To analyse how the recursive algorithm works, we can draw a "tree" of the
function calls, for example invoked by a call to Fibo(4):

‘f“fffffff hikhh&x“x.

N 2N

| Fibo(D) | | Fibo(1) | Fibo(1)

b
E/

We can easily see that intermediate results like Fibo(2) or Fibo(1) are computed
again (and again and again..). Hence, we should try to store these intermediate
results, and reuse them.

Strategy

e Use two variables, 1ast2, and last1, to store the last two fibonacci
numbers fn-2 and fn-1, respectively.

e Use one additional variable, £, to compute fn.

Iterative Algorithm

Fibit (x : Integer) : Integer ({
if x < 1 then return 1;
else {

last2 := 1;

lastl := 1:

for i from 2 to x do {
f := last2 + lastil;
last2 := lastl;
lastl := f;

}

} }
Question:

How many arithmetic operations does it take to compute the n-th
Fibonacci number using algorithm Fibit?
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Answer

o Forn<1: 0 operations (return 1 as the result)
o for n22: There is 1 operation per cycle of the for-loop.
The loop is executed n-1 times, thus we need n-1 operations.

Therefore,

TFibitCIn={0forn<1n-1forn=2

We can see that the operation count of Fibit increases linearly with the size of the
input parameter.

Example

Again, we imagine a computer that performs 1 arithmetic operation per
nanosecond. The number of arithmetic operations to compute the 100-th
fibonacci number using algorithm Fibit is now TFibit[1100=99. Hence, the
computing time will be only 99 nanoseconds!

Remark

Please, do not take this example as one to show that recursive programming, on
itself, is slow. It's not recursion that makes Fibo slow, it's excessive
recomputation of intermediate results.

|1.2. Random Access Machines

In this chapter, we will try to show a more systematic way of computing the
running time of an algorithm than just adding up its arithmetic operations. After
all, the time to copy data, execute loops, etc. cannot always be neglected. As the
execution time is usually machine dependent, we will try to establish a reference
machine to objectively compute the working time for algorithms.

1.2.1. Definition of a Random Access Machine

A random access machine (RAM) is a simple model of computation. Its
memory consists of an unbounded sequence of registers. Each register
may hold an integer value.
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numbered list of statements.

next.

The control unit of a RAM holds a program, which consists of a

The program counter determines which statement is to be executed

Program

PC

Control

[

RO

¥

Unit

R1

']

Rules for executing a RAM-program:

¥

R3

Program Counter

SIASIE Y

e in each work cycle the RAM executes one statement of the program.

« the program counter specifies the number of the statement that is to be

executed.

o the program ends when the program counter takes an invalid value (i.e.
when there is no statement in the program that has the specified number).

Execution of a RAM-program:

To "run" a program in the RAM, we therefore need to:

« define the program, i.e. the exact list of statements.

o define starting values for the registers (the input).

« define starting values for the program counter (usually, we'll start with the

first statement).
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Statements of a RAM

Notation:
<Ri> =M the integer stored in the i-th register
<Ri> := x =" setthe content of the i-th register to the value x

List of Statements:

| Statement || Effect on registers || Program Counter |
|Ri ® Rj || <Ri> := <Rj> || <PC> := <PC> + 1 |
|Ri e RRj || <Ri> := <R<Rj>> || <PC> := <PC> + 1 |
| RRi e Rj | <R<Ri>> := <Rj> | <PC> := <PC> + 1 |
|Ri e k | <Ri> := k | <PC> := <PC> + 1 |
gi ® Rj + zgiz t= <Rj> + <PC> := <PC> + 1

gi A fRiEk;TmaX{O'<Rj> <PC> := <PC> + 1

COTO m I | <pCc> := m

IF Ri=0 <PC> :={mif <Ri>=0<PC>
GOTO m + lotherwise.

IF Ri>0 <PC> :={mif <Ri>>0<PC>
GOTO m + lotherwise.

Example: (Multiplication on a RAM)
Basic idea

Using the well known identity xy = > i=1yx, we will attempt to multiply x by y by
adding up x exactly y times.

A respective algorithm in our previous notation could, for example, look like this:

mult (x: Integer, y; Integer) : Integer {

sum := 0;

while v > 0 do {
sum := sum + X;
y 1=y - 1;

}

return sum;

The Multiplication RAM
starting configuration of the RAM:
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<R0> :=x, <R1>:=y, and <Ri> := 0 for all i=2
<PC>:=0

desired result: <R0> := xy

RAM program:

We will use register <R2> for the variable sum. Further, we will need
register <R3> to hold the value 1, because we have to subtract 1 from the
variable y in each loop cycle, and the RAM does not provide operations to
subtract numbers, only contents of registers.

(0) R3 e 1
(1) IF R1 = 0 GOTO 5
(2) R2 e R2 + RO
(3) R1 e R1 - R3
(4) coTO 1
(5) RO e R2
)

(6) STOP
Example:

Let's examine the working steps of our RAM on the special input x=4, and y=3:

after step <PC><R0><R1><R2><R3>
0 (at start) 0 4 3 0 0
3 0 1
2 2 4 3 0 1
3 3 4 3 4 1
4 4 4 2 4 1
5 1 4 2 4 1
6 2 4 2 4 1
7 3 4 2 8 1
8 4 4 1 8 1
9 1 4 1 8 1
10 2 4 1 8 1
11 3 4 1 12 1
12 4 4 0 12 1
13 1 4 0 12 1
14 5 4 0 12 1
15 6 12 0 12 1
16 stop
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We can see that our RAM performs three (for y=3) iterations of its basic loop
(statements 1 to 4). Each of the loop iterations requires 4 work cycles of the
RAM. The remaining statements require 3 work steps (one before, and two after
the loop iterations). Hence, for y=3, our RAM performs 15 work steps. For
general y, it is easy to see that the number of work cycles is 1+4y+2=3+4y. Note,
that the number of work cycles is independent of x!

1.2.2. Measuring complexity

We will consider vectors of integers as input of a RAM, i.e. x=(x1,...,xm), where
xiel fori=1,....m

The starting configuration of the RAM is given by <Ri>=xi+1 for i=0,...,m-1, and
<Rj>=0 for izm

Definition: "Uniform size of x"

Let x=(x1,....,xm) be the input of a RAM, then the uniform size of the input
is defined as || x || uni=defm.

Definition: "Uniform time complexity"

Let M be a RAM and x be its input. The uniform time
complexityTMunilIx of M on x is then defined as the number of work
cycles M performs on x.

Example

The Multiplication RAM has a uniform time complexity of TMunilixy=3+4[ly,
independent of x. The uniform size of its input is || x || uni=2, independent of the
size of x, and y.

Exercise

Discuss, whether the uniform complexity of a RAM is a good model for
measuring complexity of real algorithms in real computers.

Definition: "Logarithmic size of x"
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Let x=(x1,....,xm) be the input of a RAM. Then, the logarithmic size of the
input x shall be defined as || x || log=defyi=0m-1ICIxi, where 1[1z shall be

the number of (binary) digits required to represent z€1\.

Remarks:

o for xeN:Dx=[log21x]+1=[log2x+1]
idea for proof: with k binary digits 2 different integers can be represented,
which implies that, if IL1x=k, then x is between 2**, and 2*,

o if we use the decimal system (instead of the binary system), its log1o
instead of log, (similar for all other systems ...). We will always use the
binary system, and write log instead of loga.

Definition: Logarithmic time complexity

Again, M is a RAM and x is its input. Then, the logarithmic costs of a RAM's
work cycles are defined as

| Statement || Logarithmic Costs |
|Ri & Rj |1 <Rj>+1 |
| Ri ® RRj | 1 <Rj>+1 <R<Rj>>+1 |
| RRi ® Rj |1 <Rj>+1 <Ri>+1 |
|Ri o k |1 k+1 |
|Ri ® Ry + Rk || 1 <Rj>+1 <Rk>+1 |
|Ri ® Ry - Rk || 1 <Rj>+1 <Rk>+1 |
| GOTO m |1 |
IF Rizo Goro m || L <Rix+l

The logarithmic time complexity TMlog(1x of M on x is defined as the sum of
the logarithmic costs of all working steps M performed on x.

Example:

We compute the logarithmic costs for an execution of the Multiplication-RAM on
input (x,y). We can compute the logarithmic costs by summing up the costs for
each loop cycle separately:
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for statement (0):2for the 0-th loop cycle:+ly+1+I0+Ix+1+ly+|1+1+1for the 1st loop
cycle:+ly-1+1+Ix+Ix+1+ly-1+11+1+1 . . . . .. for the i-th loop cycle:+ly-

i+ THIOXHIX+H Hy-iHT+1+1 L for the (y-1)-st (final) loop cycle:+I1+1+I(y-
1)Ox+Ix+1+[1+11+1+1for the final IF-statement:+l0+1for the statement
(4):+lyIx+1

This leads us to the following expression for the logarithmic costs:

TMloglixy=3 i=0y-1ly-i+ylIx+Y i=0y-1liT1x+} i=0y-1ly-

i+(1+1+11+141) y+4+I0+Ixy=5+(4+1+Ix) Iy+21 Y i=1yli+ i=0y-
TiOX+HIXOysS5+(5+Ix)y+2015 i=1yly+3 i=0y-

1(li+IX)HXHYS5+y [1(5+IX)+2y ly+y Lly+y ClIx+HIX+HY<SS+y [(5+200Ix+3 01y )+Hx+ly

As the logarithmic size of the input, || xy || log=Ix+ly, we may conclude that
TMlogixy<5+y1(5+311 || xy || log)+ || xy || log

Hence, we can get a relation between the size of the input, and the logarithmic
costs.

Definition: uniformly, and logarithmically time-bounded

Let t:N—[ be a function, and M be RAM.

1. M is called uniformly tn-time-bounded, if TMunix<tn for all x: || x || uni=n,

i.e. for all inputs of uniform size n, the uniform time complexity has to be
bounded by tn.

2. Mis called logarithmically tn-time-bounded, if TMlogx<tn for all
x: || x || log=n,
i.e. for all inputs of logarithmic size n, the logarithmic time complexity has
to be bounded by tn.

Remarks:
e TMunin=sup{TMunin: || x || uni=n}
o TMilogn=sup{TMlogn: || x || log=n}
Example: (Multiplication-RAM)

The Multiplication RAM's uniform time complexity, TMunilxy=4[1y+3, is
independent of the uniform size of its input, || (x,y) || uni=2, which is independent

Compilation by: sensors.blogfa@gmail.com 14



An Introduction to Algorithms For more information refer to http//:sensors.blogfa.com

of x, and y. There is no function tn such that the size of the input
TMunix,y=4[1y+3<t2, because y can become arbitrarily large.
Thus, M is not uniformly tn-time-bounded for any function t.

The logarithmic time complexity of the Multiplication RAM is bounded by
TMlog! Ixy<5+y[1(5+3(1 || xy || log)+ || xy | log.
If the logarithmic size of the input is n:= || xy || log=Ix+ly, then

TMIogIxy<5+y[(5+3[1n)+n<5+2ly1(5+31n)+n<5+2n[](5+3[n)+n

which means exactly that M is logarithmically time bounded w.r.t. the function
tn=5+2n11(5+371n)+n. We can therefore say that

"M has an exponential time-complexity w.r.t. the logarithmic
complexity measure”.

Exercise

Discuss, in which situations the logarithmic time complexity can be a better
model for the characterisation of computing time than the uniform time
complexity. Consider the following examples:

« sorting a large set of numbers (phone numbers, for example), the size of
the numbers is within a fixed range;

o computing the prime factorization of a single, very large integer

e computing a matrix-vector product, or solving a large linear system of
equations

Discuss how the word length (i.e. the number of bits a CPU can process in a
single step) affects whether uniform or logarithmic complexity is more
appropriate.

I 1.3. Asymptotic Behaviour of Functions

Definition:

Given functions f,g:N—[R+
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
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CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvqaqgpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaamOzaiaacYcacaWGNbGaaiOoaiablwriLkabgkziUkablZ2ri
HoaaCaaalegabaGaey4kaScaaaaa@3FO0A@, then we define

1. f€0(g)~def3ac>03 n0V n=n0:f(n)<c-g(n)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaam4zaiaacMcacqGHuhY2daWgaaWcbaGaamizaiaadwgac
aWGMbaabeaakiabgoGiKiaadogacqGH+aGpcaalWaGaey4alglaamOBam
aaBaaaleaacaal\WaaabeaakiabgcGiliaad6gacqGHLjYScaWGUbWaaSbaa
SqgaaiaaicdaaeqaaOGaaiOoaiaadAgacaGGOaGaamOBaiaacMcacqGHK|
YOcaWGJbGaeyyXICTaam4zaiaaclcacaWGUbGaaiykaaaa@587C@

2. feQ(g)<def3ac>03n0V nz2n0:f(n)zc-g(n)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqgaqgpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkF rOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabfM
6axjaaclcacaWGNbGaaiykaiabgsDiBpaaBaaaleaacaWGKbGaamyzaiaad
AgaaeqaaOGaey4alglaam4yaiabgb6da+iaaicdacqGHdicjcaWGUbWaaSba
aSqgaaiaaicdaaeqaaOGaeyialilaamOBaiabgwMiZkaad6gadaWgaaWcbaG
aaGimaagabaGccaGG6aGaamOzaiaaclcacaWGUbGaaiykaiabgwMiZkaa
dogacqGHflY1caWGNbGaaiikaiaad6gacaGGPaaaaa@5947@

3. feO(g)~deffeO(g) and fEQ(g)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaGaamOzaiabglGiolabfl
arjaaclcacaWGNbGaaiykaiabgsDiBpaaBaaaleaacaWGKbGaamyzaiaadA
gaaeqaaOGaamOzaiabglGiolaad+eacaGGOaGaam4zaiaacMcacaaMb8U
aaeiiaiaabggacaqGUbGaaeizaiaabccacaWWGMbGaeyicl4SaeuyQdCLaaiik
aiaadEgacaGGPaaaaa@52BE@
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4. feo(g)edefvc>03n0V nz2n0:f(n)sc-g(n)

MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDhargqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeeaOxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
gacaGGOaGaam4zaiaacMcacqGHuhY2daWgaaWcbaGaamizaiaadwgac
aWGMbaabeaakiabgcGiliaadogacqGH+aGpcaalWaGaey4alglaamOBam
aaBaaaleaacaalWaaabeaakiabgcGiliaad6gacqGHLjYScaWGUbWaaSbaa
SqgaaiaaicdaaeqaaOGaaiOoaiaadAgacaGGOaGaamOBaiaacMcacqGHK|
YOcaWGJbGaeyyXICTaam4zaiaaclcacaWGUbGaaiykaaaa@5897@

few(g)edefVvc>03n0Vnzn0:f(n)=c-g(n)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqgaamaabaabaaGcbaGaamOzaiabglGiolabeM
8a3jaaclcacaWGNbGaaiykaiabgsDiBpaaBaaaleaacaWGKbGaamyzaiaad
AgaaeqaaOGaeyialilaam4yaiabg6da+iaaicdacqGHdicjcaWGUbWaaSbaa
SqgaaiaaicdaaeqaaOGaeyialilaamOBaiabgwMiZkaad6gadaWgaaWcbaGa
aGimaagabaGccaGGb6aGaamOzaiaaclcacaWGUbGaaiykaiabgwMiZkaad
ogacqGHflY1caWGNbGaaiikaiaad6gacaGGPaaaaa@5981@

Remarks:

1.

if f€O(g)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaam4zaiaacMcaaaa@3B75@), then g is called an
asymptotic upper bound of f;

if feQ(qg)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabfM
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6axjaaclcacaWGNbGaaiykaaaa@3C2F @, then g is called an asymptotic
lower bound of f;

if feO(g)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabfl5
arjaaclcacaWGNbGaaiykaaaa@3C18@, then g is called an
asymptotically tight bound of f;

if fEo(g)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
gacaGGOaGaam4zaiaacMcaaaa@3B95@), then f is called an
asymptotically smaller than g;

if few(g)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabeM
8a3jaaclcacaWGNbGaaiykaaaa@3C6E@, then f is called an
asymptotically larger than g;

Further Remarks:

1.

in the definition for f€o(g)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
gacaGGOaGaam4zaiaacMcaaaa@3B95@), we can replace the condition
f(n)<c-g(n)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
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bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaGaamOzaiaaclcacaWG
UbGaaiykaiabgsMiJkaadogacqGHflY 1caWGNbGaaiikaiaad6gacaGGPaaa
aa@4143@ by the equivalent condition f(n)g(n)<c
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaWaaSaaaeaacaWGMbG
aaiikaiaad6gacaGGPaaabaGaam4zaiaaclcacaWGUbGaaiykaaaacqGHK|
YOcaWGJbaaaa@3F09@, thus the definition can also be written as

VvV ¢>03n0V n2n0:f(n)g(n)<1c
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaeyialilaam4yaiabg6da
+iaaicdacqGHdicjcaWGUbWaaSbaaSqaaiaaicdaaeqaaOGaeyialilaamOB
aiabgwMiZkaad6gada\WWgaaWcbaGaaGimaaqgabaGccaGG6aWaaSaaaea
acaWGMbGaaiikaiaad6gacaGGPaaabaGaam4zaiaaclcacaWGUbGaaiyka
aaacqGHKjYOdaWcaaqaaiaaigdaaeaacaWWGJbaaaaaa@4C30@, which
is equivalent to limIn—<f(n)g(n)=0
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaWaaCbeaeaaciGGSbGa
aiyAaiaac2gaaSqaaiaad6gacqGHsglRcqGHEisPaeqaaOWaaSaaaeaaca
WGMbGaaiikaiaad6gacaGGPaaabaGaam4zaiaaclcacaWGUbGaaiykaaa
acqGH9agpcaalWaaaaa@4590@.

2. in the same way, fe w(g)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaGaamOzaiabglGiolabeM
8a3jaaclcacaWGNbGaaiykaaaa@3C6E@ is equivalent to
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limJn—eg(n)f(n)=0
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqgtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaWaaCbeaeaaciGGSbGa
aiyAaiaac2gaaSqaaiaad6gacqGHsglRcqGHEisPaeqaaOWaaSaaaeaaca
WGNbGaaiikaiaad6gacaGGPaaabaGaamOzaiaaclcacaWGUbGaaiykaaa
acqGH9agpcaalWaaaaa@4590@

3. from these two observation, we may conclude that f€o(g)<g < w(f)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
gacaGGOaGaam4zaiaacMcacqGHuhY2caWGNbGaeyicl4SaeqyYdCNaai
ikaiaadAgacaGGPaaaaa@4472@

In literature, you will also often find notations like f=0(g)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvqaqgpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaamOzaiabg2da9iaad+eacaGGOaGaam4zaiaacMcaaaa
@3AF7@), instead of f€O(g)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvqaqpepmOxbb
a9pwe9Q8fs0=yqaqpepae9pgO0FirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaamOzaiabglGiolaad+eacaGGOaGaam4zaiaacMcaaaa@
3B75@.

Example: (Multiplication RAM)

« for the uniform time complexity of the multiplication RAM, we get
TMuni(x,y)=4y+3=TMuni(x,y) € O(y)(use f.e. c=5,y=2)and
TMuni(x,y) €Q(y)(use f.e. c=3,y=0)=TMuni(x,y) EO(y)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
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LDhargqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbagbaegabm\Waaagaaiaad
sfadaghaa\WWcbaGaaeytaagaaiaabwhacaqGUbGaaeyAaaaakiaaclcacaWG
4bGaaiilaiaadMhacaGGPaGaeyypaOJaaGinaiaadMhacqGHRaWkcaalZaa
abaGaeyO0OH4TaamivamaaDaaaleaacagGnbaabaGaaeyDaiaab6gacaqG
PbaaaOGaaiikaiaadlhacaGGSaGaamyEaiaacMcacqGHiilZcaWGpbGaaiik
aiaadMhacaGGPaaabaGaaiikaiaabwhacaqGZbGaaeyzaiaabccacaqgGMb
GaaeOlaiaabwgacaqGUaGaaeiiaiaadogacqGH9aqpcaal1aGaaiilaiaadMh
acqGHLjYScaalYaGaaiykaagaaagaaiaabggacaqGUbGaaeizaiaabccacaW
GubWaaObaaSqgaaiaab2eaaeaacaqgG1bGaaeOBaiaabMgaaaGccaGGOa
GaamiEaiaacYcacaWG5bGaaiykaiabglGiolabfM6axjaaclcacaWG5bGaaiy
kaagaaiaaclcacaqG1bGaae4CaiaabwgacaqGGaGaaeOzaiaab6cacaqGLb
GaaeOlaiaabccacaWGJbGaeyypaOJaaG4maiaacYcacaWG5bGaeyyzImR
aaGimaiaacMcaaeaaaeaacqGHshl3caWGubWaa0ObaaSqgaaiaab2eaaeaac
agG1bGaaeOBaiaabMgaaaGccaGGOaGaamiEaiaacYcacaWG5bGaaiyka
iabglGiolabfl5arjaaclcacaWG5bGaaiykaagaaaaaaaa@93D2@

« for the logarithmic time complexity, we get
TMIog(n)<5+(5+3n)-2n=TMIlog(n) € O(n - 2n)or TMlog(n) € O(cn) for c>2
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbagbaegabiGaaagaaiaadsf
adaghaaWcbaGaaeytaaqaaiaabYgacaqGVbGaae4zaaaakiaaclcacaWGU
bGaaiykaiabgsMiJkaaiwdacqGHRaWkcaGGOaGaaGynaiabgUcaRiaaioda
caWGUbGaaiykaiabgwSixlaaikdadaahaa\Wcbeqaaiaad6gaaaaakeaacqGH
shi3caWGubWaaObaaSqgaaiaab2eaaeaacaqGSbGaae4BaiaabEgaaaGcec
aGGOaGaamOBaiaacMcacqGHiilZcaWGpbGaaiikaiaad6gacqGHflY 1caal
YaWaaWbaaSqabeaacaWGUbaaaOGaaiykaagaaaqaaiaab+gacaqGYbG
aaeiiaiaadsfadaghaaWcbaGaaeytaaqaaiaabYgacaqGVbGaaedzaaaakiaa
clcacaWGUbGaaiykaiabglGiolaad+eacaGGOaGaam4yamaaCaaalegaba
GaamOBaaaakiaacMcacagGGaGaaeOzaiaab+gacaqGYbGaaeiiaiaadoga
cqGH+aGpcaalYaaaaaaa@7152@

Remark:

The definitions for the asymptotical bounds may be used for multidimensional
functions f,g:Nk—R+
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MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvgaqpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaamOzaiaacYcacaWWGNbGaaiOoaiablwriLoaaCaaalegaba
Gaam4AaaaakiabgkziUkabl2riHoaaCaaalegabaGaey4kaScaaaaa@4031@, too,
if we replace the terms Vv n>n0
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvqaqgpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaeyialilaamOBaiabg6da+iaad6gadaWgaaWcbaGaaGima
agabaaaaa@3A91@ by VvV n=(n1,...,nk):ni=2n0
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lq=JcOvgaqpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaeyialilaamOBaiabg2da9iaaclcacaWGUbWaaSbaaSqaai
aaigdaaeqaaOGaaiilaiaac6cacaGGUaGaaiOlaiaacYcacaWGUbWaaSbaaSqaaia
adUgaaegqaaOGaaiykaiaacQdacaWGUbWaaSbaaSqaaiaadMgaaeqaaOGaeyyzl
mRaamOBamaaBaaaleaacaal\Waaabeaaaaa@47F6@.

Common phrases that denote the growth of a function f:

o f“constant’, if fEO(1)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDhargqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolabfl
arjaaclcacaalXaGaaiykaaaa@3BE7@

o f*“logarithmic”, if feO(loglin)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaciiBaiaactgacaGGNbGaamOBaiaacMcaaaa@3E4C@
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f “polylogarithmic”, if f€ O(logl 'kn)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDhargqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaciiBaiaac+tgacaGGNbWaaWbaaSqabeaacaWGRbaaaOGa
amOBaiaacMcaaaa@3F73@

f “linear”, if fEO(n)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDhargqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolabfl
arjaaclcacaWGUbGaaiykaaaa@3C1F@

f “quadratic”, if feO(n2)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vgagpepmOxbba9pwe9Q8fs0=yqaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaamOBamaaCaaaleqabaGaaGOmaaaakiaacMcaaaa@3C6F
@, especially if fE©®(n2)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabfl5
arjaaclcacaWGUbWaaWbaaSqabeaacaalYaaaaOGaaiykaaaa@3D12@

f “polynomial”, if f€O(nk)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDharqqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkF rOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaamOBamaaCaaaleqabaGaam4AaaaakiaacMcaaaa@3CA3
@ for some k€N
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
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bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4drNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealOxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaGaam4AaiabglGiolablwri
Lcaa@39CD@

f “exponential”, if f€O(cn)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDhargqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeeaOxe9L
g=Jc9vqagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaam4yamaaCaaaleqgabaGaamOBaaaakiaacMcaaaa@3C9B
@ for some c€W, or cER+
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaam4yaiabglGiolablwri
LkaabYcacaqGGaGaae4BaiaabkhacaqGGaGaam4yaiabglGiolabl2riHoaa
CaaaleqabaGaey4kaScaaaaa@428C@

Comparison of functions

The O-,Q-,0-,0-, and w-
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzLbvyNv2
CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYbltLDharqqtubsr4
rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9Lg=JcOvqaqpepmOxbb
a9pwe9Q8fs0=ygaqgpepae9pgOFirpepeKkFrOxfr=xfr=xb9adbaqaaeGaciGaaiaabe
gaamaabaabaaGcbaGaam4taiabgkHiTiaacYcacqgHPoWvcqGHsislcaGGSaGae
uiMdeLaeyOelOlaaiilaiaad+gacqGHsislcaGGSaGaaeiiaiaabggacagGUbGaaeizai
aabccacqaHjpWDcqGHsislaaa@47EA@ notations define relations between
functions. We can therefore ask whether these relations are transitive, reflexive,
symmetric, etc.:

transitive: all of the five relations are transitive!

reflexive: only O,Q, and ©

MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDharqqgtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeeaOxe9L
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g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabeqaamaabaabaaGcbaGaam4taiaacYcacqqHP

oWvcaGGSaGaaeiiaiaabggacaqGUbGaaeizaiaabccacqqHyoquaaa@3F2

8@ are reflexive

o symmetric:f€0O(g)if and only ifgE O(f)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmO0xbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegqaamaabaabaaGcbaGaamOzaiabglGiolabfl
arjaaclcacaWGNbGaaiykaiaabccacaqGPbGaaeOzaiaabccacaqgGHbGaae
OBaiaabsgacaqGGaGaae4Baiaab6gacaqgGSbGaaeyEaiaabccacaqGPbG
aaeOzaiaabccacaWGNbGaeyicl4SaeuiMdelLaaiikaiaadAgacaGGPaaaaa

@4FAB@

o transpose symmetry:
feO(qg) if and only if g€ Q(f)
MathType@MTEF@5@5@+=feaafeart1ieviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBl9gBaerbd9wDYLwzYblt
LDharqqtubsrdrNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolaad+
eacaGGOaGaam4zaiaacMcacaqGGaGaaeyAaiaabAgacagGGaGaaeyyai
aab6gacaqgGKbGaaeiiaiaab+gacagGUbGaaeiBaiaabMhacaqGGaGaaeyA
aiaabAgacaqGGaGaam4zaiabglGiolabfM6axjaaclcacaWGMbGaaiykaaaa
@4F1A@
feQ(g) if and only if g€ O(f)
MathType@MTEF@5@5@+=feaafeart1eviaqatCvAUfeBSjuyZL2yd9gzL
bvyNv2CaerbuLwBLnhiov2DGi1BTfMBaeXatLxBI9gBaerbd9wDYLwzYblt
LDharqqtubsr4rNCHbGeaGqiVu0Je9sqqrpepCOxbbL8F4rqqrFfpeealxe9L
g=Jc9vqgagpepmOxbba9pwe9Q8fs0=ygaqpepae9pgOFirpepeKkFrOxfr=xfr=
xb9adbagaaeGaciGaaiaabegaamaabaabaaGcbaGaamOzaiabglGiolabfM
6axjaaclcacaWGNbGaaiykaiaabccacaqGPbGaaeOzaiaabccacagGHbGaa
eOBaiaabsgacaqGGaGaae4Baiaab6gacaqGSbGaaeyEaiaabccacaqGPb
GaaeOzaiaabccacaWGNbGaeyicl4Saam4taiaaclcacaWGMbGaaiykaaaa

@4F1A@
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